The purpose of this work is to give su cient conditions which guarantee the existence and the uniqueness of positive µ-pseudo almost periodic solutions for the nonlinear in nite delay integral equation 
Introduction
In this work, we deal with the following nonlinear in nite delay integral equation 
x(t) = α(t)x(t − β) +

a(t, t − s)f (s, x(s))ds + h(t, x(t)) for t ∈ R,
(1.1)
where β is a constant and α, a, f and h are continuous functions satisfying some hypotheses recalled in Section 3. This equation is more general than the following delay integral equation
f (s, x(s))ds for t ∈ R, (1.2) which can be considered as a model to explain the evolution of some infectious diseases: x(t) is the proportion of infectious in population at time t, σ is the length of time in which an individual remains infectious and f (t, x(t)) is the proportion of new infectious per unit of time. Equation (1.2) has been studied in the periodic case in [1, 5, 6, 12-15, 21, 22] and in [11] in the almost periodic case. When the delay is state dependent, the existence of positive almost periodic solutions to the integral equation
f (s, x(s))ds for t ∈ R (1.3) was considered in [2, 10, 11, 24] . The approach used in [10, 11, 24] is based in the Hilbert's projective metric. Ding et al. studied in [20] the existence of positive almost automorphic solutions for the neutral nonlinear delay integral equation
where ≤ γ < , f (t, x) = n i= f i (t, x)g i (t, x), f i (t, ·) is nondecreasing in R + and g i (t, ·) is nonincreasing in R + . Equation (1.4) is also studied in the almost periodic case by Ait Dads and Ezzinbi [4] where f (t, ·) is nondecreasing in R + .
In 2011, Ding et al [19] considered the existence of positive solutions for Equation (1.1) where f (t, x) = n i= f i (t, x)g i (t, x), f i (t, ·) is increasing in R + , g i (t, ·) is decreasing in R + and h(t, ·) is decreasing in R + . They discussed the existence of positive pseudo almost periodic solutions by establishing a new xed point theorem in partially ordered Banach spaces. The result of [19] cannot be applied when one of the function f (t, ·) or h(t, ·) is neither decreasing nor increasing in R + .
In the present work, we study the existence and the uniqueness of positive µ-pseudo almost periodic solutions for Equation (1.1) without any hypothesis of monotonicity on the functions f and h. Then we apply our result to a nite delay integral equation when the delay is state dependent; namely,
(1.5)
To obtain our results, we use the contraction mapping principle associated with the Hilbert's projective metric. Note that in the case when α ≡ and h ≡ , Equation (1.1) was considered using the Hilbert's projective metric by Ait Dads et al [3] in the pseudo almost periodic case and by Cieutat and Ezzinbi [17] in the pseudo almost automorphic case. On the other hand, the notion of µ-pseudo almost periodicity is more general than the one of pseudo almost periodicity [26] [27] [28] . It was introduced by Blot et al in [7] in order to correct many results about weighted pseudo almost periodicity [8, 9] like completeness and invariance by translation.
This work is organized as follows: In Section 2, we recall some preliminaries about the Hilbert's projective metric and µ-pseudo almost periodic functions. In Section 3, we establish our main results on the existence and the uniqueness of µ-pseudo almost periodic solutions for Equations (1.1) and (1.5). In Section 4, we illustrate our work by examining an example and we close by a remark which proves the advantage of this work.
Preliminaries
In this section, we recall some notions about µ-pseudo almost periodic functions and the Hilbert's projective metric. For more details about theses topics, we refer the reader to [7] and [23] .
. µ-pseudo almost periodic functions
In the sequel, we give some properties about µ-pseudo almost periodic functions. Let BC(R, X) be the space of all bounded and continuous functions from R to a Banach space X, endowed with the uniform topology. Throughout this work, X will be R the set of real numbers or L (R + ) the Lebesgue space of order one in R + endowed with the norm
Let x ∈ BC(R, X) and β ∈ R. We de ne the function τ β x by
We denote by B the Lebesgue σ-eld of R and by M the set of all positive measures µ on B satisfying
we formulate the following hypotheses taken from [7] :
(A) For all a, b and c ∈ R, such that ≤ a ≤ b ≤ c, there exist τ ≥ and α > such that
(B) For all τ ∈ R, there exist β > and a bounded interval I such that
In [7] , the authors proved that (B) ⇒ (A). 
AP(R, X) denotes the space of the almost periodic X valued functions.
De nition 2.2. ([25])
A continuous function f : R × X → Y is said to be almost periodic in t uniformly with respect to x ∈ X if for each compact set K in X, for all ε > , there exists l > , such that for any α ∈ R, there exists τ ∈ [α, α + l] with sup
Denote by APU(R × X, Y) the set of such functions.
We denote the set of all such functions by E(R, X, µ).
De nition 2.4. ([7]) Let µ ∈ M.
A continuous function f : R → X is said to be µ-pseudo almost periodic if f is written in the form f = g + ϕ where g ∈ AP(R, X) and ϕ ∈ E(R, X, µ).
We denote the space of all such functions by PAP(R, X, µ). One can easily check that
AP(R, X) ⊂ PAP(R, X, µ) ⊂ BC(R, X).
Example 2.5. ( [7] ) Let ρ be a nonnegative B-measurable function. Denote by µ the positive measure de ned by
where dt denotes the Lebesgue measure on R. The function ρ which occurs in ( . ) is called the RadonNikodym derivative of µ with respect to the Lebesgue measure on R. In this case µ ∈ M if and only if its Radon-Nikodym derivative ρ is locally-integrable on R and it satis es
Then the decomposition of a µ-pseudo almost periodic in the form f = g + φ, where g ∈ AP(R, X) and φ ∈ E(R, X, µ), is unique.
Remark 2.7.
In what follows, if µ ∈ M satis es (A) and f ∈ PAP(R, X, µ), then f ap and f er denote respectively the almost periodic and the ergodic component of f .
Theorem 2.9. ([7]) Let µ ∈ M satisfy (B). Then PAP(R, X, µ) is invariant by translation, that is f ∈ PAP(R, X, µ) implies τ β f ∈ PAP(R, X, µ) for all β ∈ R where τ β f is given by (2.1).
De nition 2.10. ([7]) Let µ ∈ M.
A continuous function f : R × X → Y is said to be µ-ergodic in t uniformly with respect to x ∈ X if the two following conditions are true:
ii) f is uniformly continuous on each compact set K in X with respect to the second variable x. Denote by EU(R × X, Y , µ) denotes the set of all such functions.
De nition 2.11. ([7]) Let µ ∈ M.
A continuous function f : R × X → Y is said to be µ-pseudo almost periodic in t uniformly with respect to x in X if f is written in the form:
denotes the set of such functions. We have
and x ∈ PAP(R, X, µ). Assume that the following hypothesis holds: (C) For all bounded subset B of X, f is bounded on
R × B. Then [t → f (t, x(t))] ∈ PAP(R, Y , µ).
. Hilbert's projective metric
Let X be real Banach space. A closed convex set K in X is called a convex cone if the following conditions are satis ed:
A cone K induces a partial ordering ≤ in X by
A cone K is called normal if there exists a constant k such that
where · is the norm on X. If K is now a general cone in a Banach space X and x and y are elements of 
We de ne a metric which was introduced by Thompson [23] . If x and y ∈ K * are comparable, de ne d(x, y)
If C is a component of K, one can easily prove [23] 
It follows from Theorem (2.13) and Proposition (2.14) that if K is a normal cone with nonempty interior 
Main result
In this section, we discuss the existence and the uniqueness of µ-pseudo almost periodic solutions of Equations (1.1) and (1.5) with a positive in mum.
Equations (1.1) and (1.5) will be studied under the following Hypotheses. (H1)α ∈ PAP(R, R, µ) such that α(t) ≥ for t ∈ R and sup t∈R |α(t)| < . 
for each x, y ∈ ( , +∞), t ∈ R and λ ∈ ( , ). (H4)a : 
From µ(R) = +∞, it follows µ([−r, r]) > for r su ciently large. Since
A(r) = µ([−r, r])
we obtain 
Lemma 3.2. Let µ ∈ M. Assume that f ∈ PAP(R, R, µ) and g ∈ PAP(R, R, µ). Then we have fg ∈ PAP(R, R, µ).
Proof. 
for each x, y > , t ∈ R and λ ∈ ( , ).
Then we have
Proof. i) Let x, y > and t ∈ R. If x = y then f (t, y) = min 
The desired result follows from Hypothesis (h1). The proof of Lemma 3.3 is now complete. Now, we give the rst result of this work which shows the existence and the uniqueness of positive µ-pseudo almost periodic solutions for Equation (1.1).
Theorem 3.4. Let µ ∈ M satisfy (B). Suppose that (H1)-(H5) hold. Then Equation (1.1) has a unique µ-pseudo almost periodic solution x
* with a positive in mum.
Proof. Let X = PAP(R, R, µ) be the space of µ-pseudo almost periodic functions endowed with the norm de ned by f ∞ = sup t∈R |f (t)|. Since µ ∈ M satis es (B), then By Theorem 2.8, X is a Banach space. Let K be the cone of nonnegative functions in PAP(R, R, µ). Then K is a normal convex cone. Furthermore, we have
The interior of K is given by 
If we set u(t) = x(t) − α(t)x(t − β) = (I − A)x (t), then Equation (1.1) is equivalent to the following equation
u(t) = t −∞
a(t, t − s)f s, (Bu)(s) ds + h t, (Bu)(t) . (3.8)
Since µ satis es (B), it follows from Theorem 2.9 that PAP(R, R, µ) is invariant by translation. In addition, since α ∈ PAP(R, R, µ), Lemma 3.2 yields that
From (H3) and ii) of Lemma 3.3 we deduce that functions f and h satisfy condition (C) of Theorem 2.12. Using (H2), Theorem 2.12 and Lemma 3.3 we obtain
On the other hand, in view of Hypothesis (H4) and Lemma 3.1, we get that
Now we have proved that
We claim that x ∈
• K is a solution of Equation (1.1) if and only if u ∈
• K is a solution of Equation (3.8) .
Let x ∈
• K be a solution of Equation (1.1). Then there exists ε > such that
In view of (H3) and Lemma 3.3, it follows that
Taking into account (H5), we get that inf t∈R u(t) > . On the other hand, since x and α are µ-pseudo almost periodic, u is also µ-pseudo almost periodic. Hence u ∈
• K. Moreover u is a solution of Equation (3.8).
Inversely, suppose that u ∈
• K is a solution of Equation (3.8) and let t ∈ R. By (3. We denote by T the operator associated with the right-hand side of Equation (3.8) . Namely, (Tx)(t) = Next, we prove that the opertor T is a contraction. We consider
7), we have B(u)(t) ≥ u(t). Since x(t) = (Bu)(t) we obtain that x(t) ≥ u(t). Then inf
(T x)(t) = t −∞
a(t, t − s)f s, (Bx)(s) ds and (T x)(t) = h t, (Bx)(t) .
From the discussion above (see (3.10)), the operator T maps PAP(R, R, µ) into itself. Let x ∈
• K. Then from (3.7) and (3.9), Bx ∈
• K. Hence, there exists ε > such that
In view of Lemma 3.3, we obtain
Therefore, by (H5), we obtain that inf t∈R (Tx)(t) > and consequently Tx ∈
for t ∈ R. This gives us
for t ∈ R. Multiplying the rst inequality of (3.12) by a(t, t − s) and integrating over (−∞, t) we obtain for t ∈ R
Summing (3.13) and (3.14) we obtain that We know from Theorem 2.13 and Proposition 2.14 that (
) is a complete metric space. In view of the contraction mapping principle, the operator T has a unique xed point x * ∈
• K which means that Equation (1.1) has a unique µ-pseudo almost periodic solution with a positive in mum. The proof of Theorem 3.4 is now complete.
Next, we give the second result of this work which is a corollary of Theorem 3.4 about Equation (1.5). We close this work by the following interesting Remark. 
h(t, y) ≥ ϕ(λ, x)h(t, x).
So, if we de ne the function h in Example 4.1 by (4.3), we obtain the same conclusion. Also, [19, Theorem 3.3 ] cannot be applied to Example 4.1 because the function x → h(t, x) is neither decreasing nor increasing in R + .
